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Flow Models for a Vortex Cell
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The flow inside a vortex trapping cavity is simulated by a suite of models: point vortex, Prandtl-Batchelor flow,
and Reynolds-averaged Navier—Stokes equations. The scope is to ascertain to what extent an inviscid model can be
used to design vortex cells. It turns out that the Prandtl-Batchelor flow, with an appropriate jump in the Bernoulli
constant across the dividing streamline, gives an acceptable representation of the solution found by the Reynolds-
averaged Navier—Stokes equations, which in turn compares well with experimental results when an appropriate

turbulence model is selected.

Nomenclature

coefficients of the Theodorsen—Garrick
transform

skin-friction coefficient

pressure coefficient

Heaviside function

characteristic length

= cavity opening

strength of a doublet on physical z plane
pressure

physical velocity at infinity

curvilinear coordinate along the cavity wall
velocity at the boundary-layer edge
velocity vector in the physical plane
complex potential

physical coordinates

vortex physical coordinates

= complex variable of the physical complex
plane

jump in the Bernoulli constant

trapped vortex circulation

Dirac function

boundary-layer thickness

laminar sublayer thickness

internal angle at A

complex variable of auxiliary plane
argument of point A on the ¢ plane
complex variable of the unit circle plane
image of the point at infinity of the physical
plane
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Ly = trapped vortex location

= = trailing-edge image

Ay = 1/u;

vy = complex variable of the auxiliary plane
corresponding to the vortex

V4 = complex variable of the auxiliary plane
corresponding to point A

Vg = complex variable of the auxiliary plane
corresponding to point B

P = density

o = complex variable of the hodograph plane

oy = centroid of the regular curve obtained on the o
plane

r,r,I,T. lower, upper, left, and right boundaries of €2

Poo = arg(fho)

v = stream function

¥ = auxiliary function

v = preliminary Green’s function

Q = rectangular subset of a plane

1) = VxU

I. Introduction

EPARATED flows past bluff bodies are usually unsteady. A

vortex formed by separation is shed downstream, then a new
vortex is formed, and the process repeats itself periodically or
chaotically. This results in a wake consisting of large intensive
vortices of significant kinetic energy. A body moving through a fluid
and generating such a wake has to experience large drag. This way of
explaining the high drag in separated flows emphasizes the fact that
the large magnitude of the drag is caused by unsteady large-scale
vortex shedding rather than by the separation itself. If the separation
eddy were not shed downstream but remained in the vicinity of the
body, then the wake generation would require less energy, and the
drag would be reduced. Such a steady separation eddy is called a
trapped vortex.

In spite of the long history of research and the general
attractiveness of the idea, trapped vortices are not used in practice for
lifting surfaces. In recent decades, however, progress has been made
in understanding flows of this type and in the technology of active
flow control. As a result, one can see a clear path of research and
development which should lead to practical solutions using trapped
vortices. This paper represents one step along this path.
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So far, there have been only two reportedly successful
implementations of this idea, namely, the Kasper wing [1] and the
EKIP (Ecology and Progress) aircraft [2].9 Kasper [1] observed a
high-lift condition while flying his glider. Kasper hypothesized that
the high lift was due to a trapped vortex above the wing. EKIP aircraft
was designed, built, and flight-tested in Russia at the end of 1980s
through the early 1990s. EKIP fully utilized the idea of a vortex cell
(discussed in more detail to follow) thus representing a more
advanced concept. We refer to both of these implementations as only
reportedly successful because extensive wind-tunnel tests of a model
of the Kasper wing, reported by Kruppa [3], confirmed neither the
high-lift coefficient observation nor the proposed vortex structure,
and because we are not aware of any publications in peer-reviewed
journals confirming or at least documenting the efficiency of EKIP.
One of the authors (S. Chernyshenko) attended seminar presentations
at the Moscow University, where the EKIP designer, Professor L. N.
Schukin, claimed that the fuel efficiency of the flight-tested radio-
controlled EKIP models (the largest had a wingspan of about 2 m,
cited from memory) was comparable to that of a small conventional
aircraft, while our colleague, Professor G. Yu. Stepanov, visited the
Saratov Aviation Plant and inspected the largest of the flying models
and also the unfinished larger aircraft. Note also that certain features
of the available sketches of EKIP aircraft are in remarkable agreement
with qualitative conclusions obtained and published independently,
as discussed next. Note also that Wu and Wu [4] gave a plausible
explanation, also discussed later, of the reason for the discrepancy
between wind-tunnel tests and flight experiments on the Kasper wing.
Therefore, both the Kasper wing and EKIP deserve at least the benefit
of a doubt, but, overall, the viability of the trapped vortex concept is
yet to be confirmed. It crucially depends on the issue of vortex
stability, and it can therefore be favorably affected by advances in
active flow control techniques.

Before considering the stability, several notes on the application of
the point-vortex or Féppl model to separated flows in general and to
flows with trapped vortices in particular should be made. In that
model, the (necessarily two-dimensional) flow is assumed to be
potential and having singular points, so that all the vorticity inside the
eddy is concentrated inside a point vortex. Probably, the very first use
of the Foppl model in the context of trapped vortices was made by
Ringleb [5]. Unfortunately, Ringleb erroneously ignored the so-
called Routh rule [6], and some of his results were incorrect [7].
Nevertheless, Ringleb’s contribution is noted for the role it played in
the dissemination of the idea of a trapped vortex [35].

For certain body shapes, steady Foppl flow satisfying the Kutta
condition does not exist. This led to series of studies (see, for
example, Rossow [8]) aimed at modifying the body shape or
introducing additional singularities (sinks) to ensure the existence of
the steady solution. Such a modification can be and sometimes is
called vortex stabilization because, if a steady solution does not exist,
the flow has to remain unsteady. However, for the full Navier—Stokes
equations, the existence of a steady two-dimensional solution is
proved mathematically [9] (strictly speaking, it is done for flows in
closed domains, but this does not seriously affect our argument,
because the domain can be arbitrary large). Therefore, the problem of
nonexistence of steady solutions within the Foppl model is an artifact
of the imperfection of that model and does not reflect any real physics
of the flow.

Another problem of the point-vortex model is related to the
nonuniqueness of the flow. Typically, one can arbitrarily prescribe
the circulation of the vortex and then find the corresponding flow. If
the body has a sharp edge, the circulation is often chosen in such a
way as to satisfy the Kutta—Joukowski condition on the edge.
Unfortunately, this is completely unphysical. In fact, real flows
always have a mixing layer along the dividing streamline that is the
streamline separating the closed-streamline eddy and the external
flow. The inviscid flow modeling the real one should have a
tangential discontinuity that is a jump in the Bernoulli constant
across the dividing streamline. This jump is another arbitrary

IData available online at http://www.ekip-aviation-concern.com/eng-b/
4.shtml [retrieved 8 October 2008].

parameter, in addition to the amount of vorticity in the eddy. Detailed
analysis shows that it is the Bernoulli constant jump which is
determined by the Kutta condition, rather than the amount of
vorticity inside the eddy. The point-vortex model postulates,
however, a zero Bernoulli constant jump across the dividing
streamline; hence, using the Kutta condition for determining vortex
circulation should be done with great caution, if at all. This
understanding was mostly achieved in the course of research on high-
Reynolds-number asymptotics of steady separated flows. The main
ideas relevant to the issue at hand were formulated in the famous
paper by Batchelor [10], whereas a comprehensive analysis directly
applicable to (assumed laminar) flows with trapped vortices is given
in [11] (see the latter paper for references to the substantial body of
work done in between). The corresponding analysis is complicated
mathematically, but the main physical idea is simple. Consider the
flow shown in Fig. 1, which also illustrates the idea of a vortex cell
discussed later. The flow separates at the cusp and reattaches
somewhere downstream. The fluid in the eddy rotates clockwise.
Friction at the wall slows down the rotation, whereas friction in the
mixing layer accelerates it. The rotation speed adjusts itself so that
these two effects are in balance. One can imagine that the dividing
streamline is replaced with a moving lid; then, the Kutta condition
becomes irrelevant while the physics of the balance remains the
same.

Interestingly, in the cases when the suction flow rate was nonzero,
the work of Rossow [8] gives a rare example of the case when using
the Kutta condition to determine the point-vortex circulation is
appropriate. In this work, suction is supposed to be applied through
the side walls bounding the area with a trapped vortex. In the two-
dimensional point-vortex approximation, this suction is modeled
with a sink, the position of which coincides with the position of the
vortex. Then, the flow has no area of closed streamlines, and the
Batchelor’s analysis does not apply. However, because the pressure
drop between the incoming flow and the point vortex is infinite, the
power required to implement the suction is also infinite in this case. In
reality, this power will be finite, but too large for the approach to be
practical.

In spite of the shortcomings, the point-vortex model can be used
forinvestigating flows with trapped vortices, but both the decision on
the applicability of this model to a particular problem and the
interpretation of the results do require deep understanding of much
wider and more complex issues of fluid dynamics than the point-
vortex model itself.

Steady solutions of the Navier—Stokes equations are usually
unstable. In the high-Reynolds-number flows encountered in
practice, this is always the case; moreover, even the boundary layers
upstream of the separation would often be turbulent. The flow
stabilization in a rigorous sense would therefore require full control
of turbulence, which is a very difficult task indeed. Fortunately, as
Wu and Wu [4] pointed out, for achieving a significant drag
reduction, one needs to prevent only the large-scale vortex shedding
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Fig. 1 Physical z plane.
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rather than to fully suppress turbulence. We will here consider vortex
stabilization in this sense. Stabilization can be achieved by various
means. First of all, there are geometries for which, while the flow is
separated, large-scale vortex shedding does not occur (see [12] or the
experimental parts of [13,14]). In these cases, however, the dividing
streamline could be replaced with a solid wall on which the pressure
gradient would be favorable, so that the flow would not be separated
anyway, and the vortex cell is not actually needed. Stabilization can
be achieved by constant suction inside the eddy, as in the EKIP
aircraft [2] or in the experiments of Riddle et al. [15]. In EKIP, this
suction was combined with vortex cells having central bodies inside.
Suction is, however, an active form of control in the sense that it
requires energy. Therefore, it makes sense to consider more
complicated forms of control in the hope of reducing energy
consumption. One step up in complexity would be an open-loop
control, say, by imposing some oscillations on the flow. In particular,
Wu and Wu [4] suggested that wing vibrations led to stabilization of
the trapped vortex in the Kasper flight tests, thus explaining the
discrepancy with the wind-tunnel tests. This motivated a study using
the Foppl model [16] which demonstrated that superposition of
oscillations can indeed stabilize the flow with a trapped vortex. In a
related but somewhat wider than flow with trapped vortices context,
open-loop and closed control is extensively reviewed in Cattafesta
etal. [17]. In principle, closed-loop control should be most efficient,
and its effectiveness in the application to separated flows past bluff
bodies was experimentally demonstrated in the recent paper by
Pastoor et al. [18], in which an extensive literature review is also
given. These latest results leave little doubt about the feasibility of
stabilization of large-scale vortex shedding by flow control, even
though there is yet a ways to go in terms of commercial viability of
such systems.

Suppose now that the vortex stabilization technology is available.
Then, what is the sensible geometry of the airfoil with a trapped
vortex? In short, the answer is that the trapped vortex should be
accommodated in a vortex cell that is a specially designed cavity in
the airfoil surface. The theoretical foundations of this requirement
emerged in the studies of high-Reynolds-number asymptotics of
steady separated flows (see [11,19] and further references therein).
Although the mathematics involved is complicated, the physics of
this requirement is quite simple. It turns out that, for almost any shape
of the airfoil/cavity, the flow in the recirculating eddy separates
again, creating another region of closed streamlines. Such secondary
separation results in a flow of a more complicated topology and with
more inflections points in the velocity profiles, which should
therefore be more difficult to stabilize. Also, even if it is stabilized,
such a flow would have large velocity gradients and, hence, a higher
rate of energy dissipation leading to higher drag. Judging by the
available sketches [2] and photographs', EKIP designers could arrive
at a similar conclusion about the benefits of carefully designing the
vortex cell shape.

Within the framework of steady (stabilized) flow, the effect of a
trapped vortex can be usefully interpreted in terms of a comparison of
two airfoils: the actual airfoil with a vortex cavity and an airfoil
obtained by replacing the dividing streamline with a solid wall.
Suppose that the shape of this second airfoil is such that the flow past
it exhibits massive separation with the separation point somewhere
on the segment of the wall replacing the dividing streamline. Then,
the flow past the airfoil with the cavity and outside the vortex can be
interpreted as a flow past the second airfoil but with a section of the
wall moving with the velocity of the flow on the dividing streamline.
One can now say that the vortex cell prevents massive separation by
the same mechanism as a moving wall. It may seem natural that this
“moving wall” should be placed where the separation would occur
otherwise. However, it can also make sense to position the vortex cell
further upstream. Its effect will then consist of making the velocity
profile in the boundary layer more filled, thus postponing the
separation. These two mechanisms can, of course, be combined. As
far as a secondary separation inside the cell is concerned, it may seem
that it should be possible to find such a shape of the cell that pressure
will only grow in the flow direction along the dividing streamline and
then decrease along the cell wall, thus eliminating the possibility of a

secondary separation inside the cell. However, rigorous results [11]
suggest that the presence of a section of a wall inside the cell with an
unfavorable pressure gradient is inevitable: a vortex cell cannot
eliminate unfavorable pressure gradient; rather, it redistributes it over
the wall inside the cell (see [20,21] for further references and
discussions concerning the ways an unfavorable gradient can be
eliminated). This is the major reason why the cavity shape should be
carefully designed rather than selected by trial and error.

It should now be obvious that successful practical implementation
of the idea of a trapped vortex requires progress in several areas.
These include vortex stabilization techniques, turbulence modeling
applicable to stabilized (that is, without large-scale vortex shedding
but still turbulent) flow, and vortex cell shape optimization methods.
Turbulence modeling presents a significant problem, because so far
there are only limited experimental data on turbulent separated flows
with trapped vortices. Note that turbulence models tuned to separated
flows with large-scale vortex shedding do not apply to flows with
trapped vortices. At the same time, because shape optimization is
involved, fast methods for calculating the trapped vortex flow are
needed. It was suggested in [11] that these two problems can be
resolved by adjusting the laminar high-Reynolds-number theory of
flows with trapped vortices to simulation of real flows. In that theory,
viscosity manifests itself in a most pronounced way in thin boundary
and mixing layers. It was proposed that the model for simulating a
turbulent flow with a trapped vortex can be obtained from the high-
Reynolds-number asymptotic theory by replacing the laminar
viscosity in the boundary and mixing layers with turbulent viscosity.
This is advantageous because then turbulence needs to be modeled in
a thin layer and this is easier, and because numerical calculations
within such a model are fast.

The inviscid component of the high-Re asymptotic model is the
Batchelor-model flow [10]. With the position of the separation point
fixed at the vortex cell cusp, there is a one-parameter family of
Batchelor-model flows for a given cell geometry. The value of this
parameter is determined by the processes in the thin viscous layers.
Hence, the validity of the methods of determining this parameter
(Bernoulli constant jump in the following sections) in the case of a
turbulent flow needs to be investigated. To this end, a special
experimental facility was built [22] and encouraging results were
obtained; however, this work is still in progress and it is far beyond
the scope of the present paper. Another issue of applying this
approach to turbulent flow is that, strictly speaking, the Prandtl-
Batchelor theorem [23] does not apply to turbulent flows. Therefore,
even if the value of the parameter of the Batchelor-model flow is
correctly found, the possibility of approximating the turbulent flow
with the Batchelor model needs to be verified. This is the main goal of
the present paper. First, using a simple point-vortex approach, we
design a vortex cell shape which can be expected to be representative
of the future, more properly designed, vortex cells. We also develop a
numerical approach for calculating inviscid flows with trapped
vortices. Then, we calculate the flow in that vortex cell using
Reynolds-averaged Navier—Stokes (RANS) equations with turbu-
lence models selected on the basis of the data available in the
literature. We then calculate the same flow using the Batchelor
model, adjustits parameter to fit the RANS solution, and compare the
flow patterns and the pressure and velocity fields.

II. Design of the Vortex Cavity

In this section, we detail the model and the assumptions employed
to design the vortex cavity. The vortex cavity has been designed
according to a variation of the classical Kirchhoff hodograph-plane
method (see, for instance, [24]). The same approach as the present
one has been used in [21].

Briefly, the method solves the inverse problem of finding the shape
of a wall, with a trapping vortex cavity, that realizes a prescribed
velocity distribution. To explain the method and to illustrate the kind
of wall we are looking for, we first describe a typical solution.
Figure 1 shows an example of wall geometry as obtained by the
inverse method. The wall extends to infinity, the flow is characterized
by an asymptotic uniform velocity ¢, flowing from the left-hand
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side. The flow detaches at the sharp cusp A and reattaches at B. A
dividing streamline connecting A to B, not depicted in the figure,
separates the external flow from the flow entrained by a vortex inside
the cavity. The flow is assumed as irrotational; the vortex is thus a
point singularity located in V.

The design velocity is such that there are no adverse pressure
gradients on the solid wall. In fact, following the external flow past
the wall, the flow accelerates from the upstream infinity to the edge A;
along the nonsolid separatrix, the flow decelerates from A to B, where
it reaches a stagnation point, then accelerates from B to the
downstream infinity. Inside the cavity, the flow accelerates from the
stagnation point B to a point £, and then holds a constant velocity
from E to the cusp A. The pressure equilibrium at A requires that the
value of such constant velocity has to be the same as the external flow
separating at A.

To describe the hodograph-plane method, let us define the
physical plane of the motion as the complex z plane, with z = x + iy.
Because the flow is assumed as irrotational, a complex potential
w = ¢ + iy = w(z) and a complex velocity (dw)/(dz) = u — iv =
o(z) will exist, with ¢, ¥, and u, v being the velocity potential, the
stream function, and the Cartesian velocity components,
respectively.

Let the hodograph plane be defined as the complex o plane, with
o = u — iv. The design velocity distribution to be realized along the
wall forms a figure on the hodograph plane. This is the starting datum
selected by the designer. Basically, the problem is solved by
exploiting the knowledge of this datum to find the analytical
relationship o = f(w) between the complex velocity o = dw/dz
and the complex potential w(z). Once such a relationship is found,
the problem is solved by way of the Kirchhoff method by integrating
the differential equation dz/dw = 1/f(w) along the streamline ¢ =
¥, which corresponds to the wall, that is,

G = / U/ + iy dg

The small variation of our approach takes advantage of using an
auxiliary v plane and finding the relationships o = g(v) and
w = w(v). The problem is then solved by integrating the differential
equation dz/dv = (dw/dv)/g(v), that is, z= [[(dw/dv)/
g, dv.

To describe the details of the design method, let us consider Fig. 2,
where the initial datum on the hodograph plane that yields the wall of
Fig. 1 is shown. Let us describe the wall velocity contour by starting
from the upstream infinity and following the solid wall contour. In
the hodograph plane, we follow the velocity contour in clockwise
direction starting from the point labeled co.

From oo to the cusp A, the complex velocity accelerates along an
arc of a circle which goes through the origin. Inside the cavity, we

E v A

Fig. 2 Hodograph o plane.

follow the contour in a direction opposite to the flow. The complex
velocity holds a constant value between A and E, its contour is thus
an arc of a circle centered on the origin. From E to B, the velocity
contour follows a circular arc, with B, which corresponds to a
stagnation point, located into the origin. Outside the cavity, the flow
then expands downstream from B to the asymptotic velocity at
infinity oco.

The velocity at A has been assumed as the reference velocity, and
the points E, B, oo, and A are assumed to belong to the same circle.
Such scheme defines a single infinity family of contours, with the
argument ¥4 of the complex velocity in A (9, = arg(dw/dz),) being
a free parameter. The choice of this parameter defines cavities with
larger or smaller openings.

In general, the present method is capable of solving the inverse
problem for any arbitrary velocity contour with proper regularity
conditions. The choice of a velocity profile formed by two circular
arcs has been made to solve the problem in closed analytical form. In
fact, the method is based on conformal mapping and circular arcs can
be easily managed by elementary functions.

On the hodograph plane, the entire velocity field past the wall is
represented by the domain external to the design contour. The point
atinfinity o = oo corresponds to the vortex located in the point z;, of
the physical z plane. The method of solution is based on conformally
mapping this domain onto the imaginary-positive half-plane of the
auxiliary complex v plane shown in Fig. 3.

Let 0 = g(v) denote the v — o mapping function:

dw
0= d_z =g(v)
and let € denote the internal angle at A; it is
b1
=——10
€ ) A

where ¥, is the argument of point A on the o plane. Taking
T =2 — ¢/, the transformation

0c—0, l/fzav—i—b )
o+ 0, cv+1

maps the exterior of the figure of the o plane onto the upper half-plane
of the v plane. This is accomplished by a proper selection of the a, b,
and ¢ complex parameters. In fact, according to the Riemann
mapping theorem, the transformation is unique once the
correspondence between three points or, equivalently, six real
conditions are established.

By expressing explicitly v as v = v(0), the coefficients a, b, and ¢
are defined by the following conditions:

|g(00) —g(ac)| =R Im[(op)]=0 v(op)=—v(0s) Vv(c0)=i

where o and R denote the center and the radius of the EBC arc of the
contour on the o plane. These conditions establish that the o contour
is mapped on the real axis of the v plane, that the detachment and
reattachment (A, B) points are symmetrically located with respect to
the origin, and that the point corresponding to the vortex o, = 0o is
mapped onto the imaginary axis at vy = i. It has to be noted that the
actual location of the point co on the o contour is a result of the
mapping definition and cannot be defined a priori. However, it can be

gV

VA V,

Fig. 3 Auxiliary v plane (v =& + in).
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shown that the preceding conditions assure that the point oo belongs
to the arc BA.

According to the Riemann mapping theorem, we can state that
there exists a unique z = z(v) mapping, so far unknown, that maps
the v-plane domain onto the z-plane physical domain, and such that
V4 — Za, Vg —> Zp, and vy — zy. The complex potential of the
motion, which is invariant under conformal mapping, can be thus be
defined as

y v—i
= |
w=0Quvt o Og(v ¥ i)

which is pertinent to an asymptotic uniform flow with a vortex
located in v, = i and with the real axis as a streamline.
The complex velocity on the v plane results in

dﬂ:Qm+L(l _ 1.)

dv 2ri\v—1i v4i

dw
(E) =0
VA

defines the vortex circulation y:

Y= _nQoo(Ufl + 1)

The Kutta condition

The complex potential, as defined, is pertinent to a flow which has the
asymptotic velocity Q,,, detaches at v,, and, for the symmetry,
reattaches at v,, that is, is congruent with the already defined
flowfield. According to the chain rule, the physical complex velocity
has to satisty the equation

dw _dwdv
dz  dvdz
and, according to the previously defined mapping, is also expressed

by the 0 = g(v) function Eq. (1). The following differential equation
is thus found:

dz _dw/dv

dv g

dw/dv
0= / dv
g()
computed along the real axis of the v plane, provides the shape of the
wall, with a length scale defined by the ratio ¢,/ Q-

It is necessary to note that the vortex location zy is part of the
inverse solution. As a consequence, the vortex equilibrium is not
assured and the absence of adverse pressure gradient is not rigorously
guaranteed for the steady flow configuration. Nevertheless, as shown
next, the steady solution slightly differs from the present inverse
solution and the requirement of a favorable pressure gradient is
attained with good approximation.

The cavity designed by the hodograph method is not optimal
because viscous effects are not taken into account. Nevertheless, they
are good candidates for hosting a steady solution with closed
streamlines of the RANS equations. This solution indeed exists for
the laminar case in the limit of the Reynolds number going to infinity
[L1].

The integral

III. Single Vortex Model

The vortex, as mentioned, is not in equilibrium. To evaluate the
actual inviscid velocity distribution in the cavity, we developed
analytical as well as numerical tools. The former are used to validate
the latter in simpler geometries.

In the single vortex model, the recirculating region is described by
apoint vortex, otherwise the flow is potential. The circulation and the

position of the vortex are obtained by satisfying the Kutta condition
at the cavity edge as well as by imposing the equilibrium conditions
of the vortex.

A. Analytical Solution: Indefinite Wall

The problem is posed as a direct problem, that is, the flow
configuration, vortex location equilibrium, and stability are
determined for given body shape. The method of solution is based
on conformal mapping. The physical complex z plane, being
z=x+ iy, is shown in Fig. 4. The flow region, bounded by two
horizontal straight lines which extend to infinity and are connected
by a half-circle, is mapped on the interior of the unit circle of i plane
by means of a chain of transformations.

The mapping

z—1
C_—iz—i—l

transforms the flow domain onto the interior of a cusped closed line
of ¢ plane, which is in turn mapped onto a regular curve of o plane by
the transformation

o=C+1i

The mapping

0 — 0y

A=

—0y

brings the centroid 0, the regular curve obtained on the o plane, onto
the origin of A plane and rescales the closed line. Finally, the
Theodorsen—Garrick mapping gives the relationship between the
interior of the unit circle of the 1 plane and the flowfield image of the
A plane:

o0

A= M exp Z(an - ibn)u“n (2)

n=0

Once the series in Eq. (2) is truncated to a suitably large number N
of terms, the a,, b, coefficients can be determined according to a
trial-and-error process by enforcing the correspondence between the
 and A planes.

The complex potential w(i) can be defined on the transformed
plane as

:iMeXp(i(pw)—FLlog( 1 1 ) 3)

W=l 2 \p—p, p—f,

where M is the strength of a doublet responsible for the asymptotic
flow at infinity on physical z plane, (1., is the image of the point at
infinity of the physical plane, ¢, = arg(it,,), Y is the trapped vortex
circulation, p, its location, and [, = 1/u}, with (*) denoting
complex conjugation.

The doublet strength M is related to the physical velocity at infinity
d+0» 1n fact, being the complex velocity on the physical plane

dw dw/du
dz dz/du
itis
©
-1 -0.75 -0.5 0.25 0.5 0.75 1
©

Fig. 4 Physical z plane.
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dw/dp M

dz

oo = @

= lim =——
1= dz/dp 2

Moo

The (y, jt,) vortex circulation and location are determined by
enforcing the Kutta condition and the vortex equilibrium condition.
The Kutta condition requires that, at the trailing-edge image & = (1,4,

itis
d
d/.L Ha

and the vortex equilibrium condition according to the Routh rule
(see, for instance, [25] and references therein) is

. y d dz

y————|log— =0

. 4nidu(°gdu)ﬂ=m
with

y 1

e Mexp(igs)
Ly =—i A =
(/’Lv - /'Loo) 2mi Py — [y

v

Figure 5 shows the streamline pattern, and Fig. 6 shows the flow
velocity at the wall.

B. Numerical Solution

In this section, we describe a numerical method to compute the
flow due to a point vortex inside a cavity of arbitrary geometry. The
numerical solution is obtained by means of Green’s functions. The
same approach is at the basis of the technique that we will use for the
integration of the Prandtl-Batchelor model. Here, we validate this

0.5 \

-0.5 -
-1 -0.5 Bo So.5 1

Fig. 5 Streamline pattern. In gray, the image of a polar grid on the
interior of the p-plane unit circle.
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Fig. 6 Flow velocity at the wall.

approach by comparing it to the analytical solution determined in the
previous section.

Let us define 2 as the rectangular domain where the flow is taking
place, and let 'y, T',, I';, and T', be the lower, upper, left, and right
boundaries. The nonlinear problem to be solved to find the
equilibrium position of a point vortex immersed in a given cavity
flow is the following:

Al/fz V(S(X—Xl,,y _yv) in (4)

v=0 yely v=Ush yeT, (5)

a—1/[=0 vely 8—I//=0 vel, (6)
an on

X, =0  y,=0 (7

where v is the stream function, x, and y, are the vortex coordinates,
and £ is a characteristic length. Let

U=Vt +log V= x P+ 0= ®)

The auxiliary function vy, satisfies

Ay, =0 inQ )
Yo=0 Yo € Tys Yo=Ux Yo €T, (10)
Wo_og  yyery, Yoo yoer  an
on on
and if ¥ is chosen so that

AY =0 in (12)
Y =—logy(x—x)+(—y) Yer, (13
¥ =—logy/(x—x)+(y—y) Yel, (14

/ 9
aal =—o-llogV/(x—x)+ =y yel, (15

n n

/ d
W g yG—m) + -y  vel, (16
on an

then the function ¥ satisfies the original problem Egs. (4—6) with
the required singularity at (x,,y,). It is seen that the function v’
is the preliminary Green’s function [26] and V¥'+
log /(x — x,)> 4+ (y — v,,)? is the Green’s function of the operator
A with boundary conditions Egs. (5) and (6).

We are now left with the problem of finding the equilibrium
position and the vortex intensity y. The vortex intensity is
determined by imposing that the separation point is at the cusp. This
means that the velocities on the cusp sides are parallel and equal in
modulus. Let us denote by (dy/dn)* and (dvy/dn)~ the tangent
velocities on the cusp sides. Then, since

(y/0n)" = —(3v/dn)~ (17
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and in view of Eq. (8), we have a linear equation in y. Hence, given
(x,, y,), the solution ¥ is uniquely determined.
On the other hand, the vortex velocity is

. 0 / v 9 !
Xy = 3y Yo + YV ) ey M= 7ok Wo+ ¥l (18)

and the solution is obtained when (x,, y,) are such that the preceding
velocity is zero. The solution is obtained by Newton’s method.

It is noted that, although the solution is found iteratively, the
function v is determined once for all. In addition, to obtain v, the
discrete operator needs to be inverted one time because only the
right-hand side is changing from one iteration to another.

As an example, we compare the numerical results to the analytical
solution previously found. The simulation was performed over a
nonstructured grid of 19,444 triangles using P2 continuous finite
elements. The numerical results compare well with the analytical
solution, although they were obtained in a finite domain: the vortex
nondimensional coordinates are for both x, = 0.257, y, = —0.036
taking the origin at the center of the cavity with a radius R = 1.
Likewise, for the nondimensional vorticity with U, = 1, both
methods give y = —8.6.

IV. Prandtl-Batchelor Model

We now consider a more sophisticated model, as compared to a
point vortex, to describe the recirculating region. Consider a two-
dimensional inviscid and steady flow. In a nonseparated region, all
the streamlines come from infinity. The vorticity is constant along the
streamlines, and its distribution across the streamlines can be
determined from the boundary conditions at infinity. In steady
separated flows, streamlines form closed contours in the eddy.
Therefore, the vorticity on closed streamlines cannot be determined
from the boundary conditions. Instead, the distribution of vorticity is
governed by viscous effects, however small they are, as
demonstrated by the Prandtl-Batchelor theorem. In the limit of
Reynolds number tending to infinity, it is shown that the correct
inviscid limit for a recirculating region, that is, a region with closed
streamlines, is not a point vortex but is given by a distributed region
of constant vorticity and given Bernoulli constant jump across the

separatrix.
The Prandtl-Batchelor model for our problem is set as follows:
Ay =—oH(=y) + fé(Y) in Q 19)
v=0 yely Yy=Us YeT, (20)
8_1//=O WEF[; a—wzo 1//eI', 21
on on

where w=VxU, H() 1is the Heaviside function,
() = 0H(¥)/0y, and B is the jump in the Bernoulli constant.
This problem is highly nonlinear and of sensitive numerical solution.
It was solved only in the presence of no or very simple geometries by
explicitly determining the geometry of the separatrix, that is, the
dividing streamline between the vortex core and the external flow. In
the following, we solve this problem by a finite element
discretization.

A. Numerical Solution

The solution method is based on the Schauder fixed-point
theorem. Let

V=Y, + oy (22)

where 1V is defined as in the point-vortex case, and v satisfies
AY =0 inQ-Q, (23)
AY =1 +géé(1//) in Q, 24)

¥ =0 Y ely Y =0 Y el, (25)
Wy yer, Y_o wper e
on on

where ©, C Q. The function §,(-) is a regularization of the Dirac
function. In particular, we took 8. () = exp(—v?/€?)/(e+/2m), and
it can be shown that

lim. (¥) = 6(¥)

The vorticity w is found by imposing the Kutta condition at the sharp
edge, whereas the ratio f/w is to be determined by boundary-layer
considerations, and here it is assumed as given.

Let 2, be given at iteration zero, and solve for ¥/. Then 2, at
iteration one is the support of H(—v), that is, we have

AP = —o[H(—y") + B/oSy] InQ  (27)

with the appropriate boundary conditions. This iteration has fixed
points. Again, the discrete operator matrix relative to the equations
for v are inverted only once, and then the right-hand side is varied
from one iteration to another.

We validate our method by comparing it with the so-called
Sadovski vortex. The Sadovski vortex is a soliton solution of
Eqgs. (19-21) in a rectangle. For a rectangle height of one, velocity at
infinity one, § = 0, and, for example, total circulation of 2.5, we find
o = —16.8, whereas Chernyshenko [27] found @ = —17.0. The
slight difference in the results is due to the different grid resolutions,
as well as to the order of accuracy of the approximation; third order in
the present case. The numerical scheme was implemented using a
high-level language providing finite elements subroutines.*

B. Design of Trapping Cavity Geometries

We now have a method to design cavities that are not optimal but
that are likely to host a vortical flow. In practice, this flow will be
unstable because of secondary separations in the cavity and of
Kelvin—Helmholtz instabilities developing at the interface between
the external flow and the cavity flow. As an example, we show the
geometries obtained for several configurations of the velocity profile
in the hodograph plane. As the circular arc through the points E, B,
and A in Fig. 2 tend to close, that is, E = A # B, the cavity in the
physical plane will get closer and closer to a circle. The geometries
are shown in Fig. 7. They have been designed by taking the argument
of point A on the unit circle of the hodograph plane (¢,) at 20, 30, 40,
and 50 deg, respectively. The cavities have been normalized so that
the distance computed along the streamline connecting points A and
B is the same for all cavities.

The flow over cavities cav,, and cavs, was simulated by both the
point-vortex model and the Prandtl-Batchelor model with g = 0.
Overall, the solution obtained by the Batchelor model is very similar
to that obtained by a point-vortex model (see Figs. 8 and 9). In the
figures, s is the curvilinear coordinate starting at point x = —2. The
cusp is located at s = 2. The rear stagnation point corresponds to the
minimum of the velocity profile. If a large enough number of plot
points were used, this minimum would of course be zero. Between
the cusp and the rear stagnation point, the flow is in the direction of
decreasing s. As compared with the prediction of the point-vortex
model, the unfavorable pressure gradient regions taking place inside
the cavity predicted by the Prandtl-Batchelor model inside the cavity
are less severe for both cavities. The position of the rear stagnation
points predicted by the two models is very close. Finally, we note that
the overall flow speed inside the cavity tends to a constant velocity
over the wall, in accordance with the design criteria.

The main point is now to see if the Batchelor model, with an
appropriate jump in the Bernoulli constant, gives a good

**Data available online at http://www.freefem.org/.



http://www.freefem.org/

458 DONELLI ET AL.

(%
<
100
O
0% X +

05} Cav_20

Py

X
/g
2%
X
X
At %
kA '5%3&& -.XXXI(
-1.5F %\ o // i

v,
hﬂﬂwﬁ*‘#
L

2 75 -1 0.5 0 05 1 15 2
Fig. 7 Profiles obtained for different values of 7.

1.6 T T T T T T T

Batchelor flow——
Point vortex ™"
14+ |v|/Vinf P 1

0.8
0.6

0.4

0.2

0 . 1 . . . . . . .
0 1 2 3 4 5 6 7 8 9 10

1.2 T T T T T T T T
A Batchelor flow
Point vortex -------
|v|/Vinf
1 -
081 | |
0.6 | |
I .s ]
0.2F |
S
o y : . L L 1 1 1 1
0 1 2 3 4 5 6 7 8 ) 10

Fig. 9 Prandtl-Batchelor flow and potential solution, cavs,.

representation of the pressure distribution inside the cavity as
compared with a more sophisticated and, hopefully, more accurate
model, like the RANS equations system.

V. Reynolds-Averaged Navier—Stokes Simulations

The aim of this section is to reproduce the flows described in the
previous sections by means of an even more detailed physical model,
which will hopefully provide us with a reference solution to be used
for evaluating the simplified models.

In [13,14], it is argued that the incompressible, isothermal, steady
RANS system of equations can be assumed with good approximation
as the governing physical/mathematical model. Besides already
known limitations of the RANS approach, the additional problem
arising in the simulation of cavity flows is that there is no specific
turbulence model available in literature for treating turbulent cyclic
boundary layers. Nonetheless, in [13,14], the most popular
turbulence models, such as the k-¢ and k-w models, were used with
good success in the reproduction of trapped vortex experimental
data.

Therefore, a pragmatic approach is followed in this section. By
using slightly different numerical methods but similar turbulence
models, we first demonstrate that, with a commercial flow solver
(FLUENT), it is possible to set up a numerical procedure that
provides coherent results with those obtained in [13,14], and with
respect to the available experimental data.

After that, this numerical setup will be used to predict the flowfield
about one of the cavity shapes whose design procedure was
illustrated in the previous sections. Finally, the results obtained with
the RANS approach will be compared with the Prandtl-Batchelor
model results.

A. Boundary-Layer Characteristics

The adoption of a turbulent viscous flow model poses the difficulty
of prescribing a realistic boundary-layer profile running over the
vortex trapping cavity. Within the incompressible, isothermal,
steady RANS flow model, both the density p and dynamic viscosity
/0 are assumed to be constant. In such a case, our flow problem is
governed by two nondimensional numbers, namely the ratio §/L
between the incoming boundary-layer thickness § and the cavity
opening L (i.e., the length of the streamline going from points A and
B of Fig. 1), and the Reynolds number defined as follows:

U,-§
R€5: ¢

(28)

where U, is the velocity at the boundary-layer edge and v is the
kinematic viscosity. All these boundary-layer-based quantities will
be evaluated at some distance upstream of the cavity. Furthermore, it
is assumed that, whatever the Reynolds number considered, a
turbulent boundary layer (of specified thickness §) runs over the
vortex trapping cavity. This is based on a first approximation
hypothesis that the cavity is placed downstream the maximum
thickness of the airfoil and, therefore, after the transition point from
laminar to turbulent flow. It is assumed that, at the left boundary of
the computational domain, that is x = —2, such boundary layer has a
velocity profile described by a piecewise law, according to the

formulation proposed in [28]:
u®) _ (yY’ <y <
U, (5) bi=y=é

v(y)=0 Vy

u
up) =3y y=§
L

u(y)

U~ 1 y>§6
where the well-known 1/7 power law is used, which approximates
the velocity profile of a zero pressure gradient turbulent boundary
layer over a flat plate [29]. In Eq. (29), u and v are the streamwise and
wall normal velocity components, respectively, and y is the abscissa
normal to the wall. Moreover, the current formulation takes into
account the linear behavior of the velocity profile in the thin laminar
sublayer of thickness &, existing close to the wall; u; being the
velocity value at the edge of this small region. For assigned Res and
inlet boundary-layer thickness §, the following additional relations
[28] are used to determine both «; and §; :

1 0.875 )
8

The preceding relations have been derived in such a way to satisfy the
well-known skin-friction law [29]:
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0.045
f:—(Rea)‘/“ (31)
The turbulence quantities associated with the incoming boundary
layer can be specified in a similar way. In particular, we assume that
the turbulent kinetic energy (per unit mass) is defined by the
following piecewise law:

k k, — k
k()=<ty 0=<y=<8  k(y)=k + E(y—46,)

o 8=,
k(y)=k, y>$§

(32)

dp=<y=é

The value of k; can be determined by using the log-layer relations:
2

MT
o (33)

L=

with u, = U,,/C,;/2 being the friction velocity and C, = 0.09.

Moreover, by the knowledge of the freestream turbulence intensity

1, the turbulent kinetic energy at the boundary-layer edge can also be

estimated:

3 2

ke=§(1ng) (34)

With the available profile of k, the profile for the dissipation per
unit mass € can be derived from the following expression [30]:

_ Gl k)

€(y) ]

(35)

where [ is the Prandtl’s mixing length, which can be modeled as
min(0.41y, 0.0856). Similarly, the profile for the specific dissipation
rate w can be derived according to

€
0.09 - k

w(y) = (36)

A similar but more simplified strategy has been adopted in [13] to
include the effect of the incoming boundary-layer thickness on the
flowfield inside a circular vortex cell.

B. Selection of a Turbulence Model

The commercial code we used (FLUENT) solves the RANS
equations on hybrid grids by means of a finite volume method. The
flow equations are solved simultaneously, except those related to
turbulence modeling, which are solved sequentially. A precondi-
tioning method is used that modifies the time-derivative terms
appearing in the governing equations, such that the eigenvalues of
the equation system always remain well conditioned with respect to
the convective and diffusive time scales. The viscous terms are
approximated by a central finite difference formula and are second-
order accurate in space. A standard upwind, flux-difference splitting
scheme is used to reconstruct the inviscid flux vector at cell faces.
Furthermore, an Euler implicit discretization combined with a
Newton-type linearization of the fluxes is used in the pseudotime to
produce a linearized system of algebraic equations. Such an equation
system is solved using a point Gauss—Seidel scheme, in conjunction
with an algebraic multigrid method to enhance convergence, adapted
for coupled sets of equations.

In this section, we compare the performance of two turbulence
models when applied to the simulation of the flow in a two-
dimensional plane channel with a circular cavity. They were selected
on the basis of a preliminary investigation by comparing the
simulations to experimental results. Experimental data are available
from literature [13,14]. The problem geometry and the computa-
tional grid used are shown in Fig. 10. Such grid is made of about
40,000 quadrilateral cells and was built by placing 98 streamwise
cells upstream of the circular cavity, 79 cells along both the cavity
opening (i.e., between points x/L =0 and x/L = 1) and in the
transverse direction, 69 cells downstream of the cavity, and 237 cells
along the cavity periphery. Furthermore, the first layer of cells close
to the solid walls is placed at a distance such to ensure a y* value
close to unity to properly account for the viscous sublayer within the
adopted low-Reynolds number turbulence models formulation.

Moreover, such mesh density was demonstrated to be adequate in
providing mesh-independent solutions. The numerical boundary
conditions used to carry out the simulations include 1) prescribed
velocity and turbulence profiles at the inflow boundary, according to
the procedure described in Sec. V.A; 2) no-slip conditions at solid
walls; and 3) zero normal gradient of flow variables at the outflow
boundary.

The two flow conditions considered in the simulations are
summarized in Table 1. In each case, the nondimensional boundary-
layer thickness §/L is evaluated at x/L = —1.06, according to the
experimental definition [13,14]. Moreover, the turbulence intensity
in the flow core is fixed to I, =0.015 in accordance with
experimental measurements.

To match the experimental boundary-layer thickness, a sequence
of trial-and-error simulations have been performed. A tentative §;,/L
at the inflow was assigned and the boundary-layer thickness at
x/L = —1.06 was evaluated afterward.

For the sake of brevity, in the present work, we show only the
numerical results carried out by using the well-known Spalart—
Allmaras [31] (S-A) turbulence model and the shear-stress transport
(SST) k — w turbulence model [32]. In particular, we refer to the S-A
model with the modification proposed in [33], which also includes
the effects of the mean strain in the turbulence production term,
otherwise depending solely on the mean rate of rotation. In this
slightly modified model, the eddy viscosity production is limited in
those flow regions where the measure of vorticity exceeds that of
strain rate. A typical case where such modification takes place is in
vortical flows, particularly in the core region of a vortex, where pure
rotation occurs and is experimentally observed (e.g., see [13,34]) that
the turbulence should be suppressed there.

As already highlighted earlier, the subject of establishing a
turbulence model to be used for such kinds of simulations is out of the
scope of the present work, and we will limit our attention in verifying
whether existing turbulence models produce results that are
physically reasonable and that reflect what has been observed
experimentally.

Table 1 Values of Re; and nondimensional
boundary-layer thickness §/L used in the
numerical simulations

Case Re; 8/L
1 5360 0.04
2 13,400 0.1
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Figure 11 shows both the streamlines and the velocity magnitude
contours obtained by the two turbulence models for the case 2 of
Table 1. As can be observed, there is a substantial difference between
the two solutions. In particular, from the velocity contours, it appears
that the S-A model provides a faster vortex, which is also different in
shape if compared with the SST solution. In particular, by looking at
the separatrix (i.e., the streamline connecting the two cavity edges), it
appears that the S-A model predicts a more convex streamline pattern
than the SST model. As a consequence, the streamline patterns inside
the large-scale vortex are also different: the S-A model predicts
almost circular streamlines, whereas the SST model predicts
streamline patterns of elliptical shape. In both cases, a secondary
separation occurs inside the cavity, in correspondence of the
upstream edge, which was already observed in [13,14] for two-
dimensional RANS simulations, but not observed in either three-
dimensional simulations nor experiments.

To quantitatively compare the numerical results with the available
experimental data, in Fig. 12, we report the x-velocity profiles along
the cavity vertical centerline. Despite the fact that the two solutions

0 0.1 02 03 04 05 0.6 0.7 0.8 0.9 1
= ‘
\

0 0.5
x/L

Fig. 11
Table 1.

— k-wSST
------------ S-A
Experiment [ ________. L

provide an almost linear behavior of the velocity in the cavity, which
is in agreement with the Prandtl-Batchelor theory, the two models
predict a quite different rotation velocity of the trapped vortex.
Moreover, quite different velocity profiles in the shear layer can also
be observed. As suggested by Fig. 12, it appears that the SST model
results are in remarkable accordance with the experiments, whereas
the S-A model provides a vortex rotating too fast and an overall
unsatisfactory agreement with the measurements. In particular, the
SST model performs quite well for the low Reg case: the velocity
profile in the bottom region of the cavity is captured with very good
accuracy up to the vortex center. It is also worth noting that the so-
called jet effect, which can be recognized by the presence of an
inflection point between cavity bottom and its center, is very well
reproduced by the SST numerical solution. Above the vortex center,
some differences with the experimental data can be observed,
particularly in the upper part of the cavity where the experimental
data indicate a slower motion. In [14], it is argued that such
discrepancy is due to the assumed bidimensional flow model in
computations, whereas a weak three-dimensional character of the

LTI I
05 06 07 08 09
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Streamlines and contours of nondimensional velocity magnitude V /U, obtained by S-A model (left) and k-@ SST model (right). Case 2 of
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o
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Fig. 12 Velocity profiles along the cavity centerline; g(y) = u(0.5y) /u(—1.06, 0.5). Case 1 (left) and case 2 (right) of Table 1. Points P, O, and T are

relative to Fig. 10.
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flow was observed in the experiments. As a demonstration of this, in
[13], it is shown that, within the framework of a three-dimensional
RANS simulation, such disagreement is rather reduced. In the higher
Reg case, a slightly reduced agreement with the experimental data
can be observed as, overall, the SST model provides a bit faster
vortex with respect to the experiment. Also, the jet effect at the
bottom wall seems to be not properly reproduced by the numerical
simulation. However, the same discrepancies with the experimental
data has been obtained in [13,14] for the same flow condition, in the
framework of both two- and three-dimensional simulations.

In Fig. 13, the profiles of the absolute vorticity along the cavity
centerline are compared with the experimental data for case 2 of
Table 1. As already observed, the S-A model provides a vortex that is
too fast and hence too-high vorticity in the cavity with respect to both
the experiment and the SST simulation. This latter model is in a better
agreement with the experiment, although, for this flow condition, it
provides a slightly faster vortex with respect to the experiment. This
was already noted earlier, in commenting on the velocity profiles
obtained for such test case.

By looking at the velocity profile obtained by the SST model for
the low Re; test case, there is a reasonable confidence that the
agreement with the measured vorticity improves remarkably for such
flow condition. Unfortunately, such experimental data are
unavailable from the literature.

As a final comparison of the numerical results with the
experimental data, we show in Fig. 14 the profile of a
nondimensionalized static pressure (so-called reduced pressure)
along the cavity vertical centerline. Such pressure is defined as
Preduced = ([7 - pm)/(pc - pm)’ with p being the local static
pressure, p,, the static pressure in the center of the large-scale vortex,
and p. as the static pressure in the middle of the channel at
x/L = 0.5. As can be observed, such profiles look very similar for
both models and, overall, there is a reasonable agreement with the
experimental data.

The results shown in this section suggest that RANS simulations,
provided that a suitable numerical and modeling setup is chosen, can
be successfully adopted for simulating trapping cavity flows. In the
next section, we employ such a numerical setup to carry out
simulations for one of the cavities designed by the hodograph
method.

C. Reynolds-Averaged Navier-Stokes Analysis of a Vortex Trapping
Cavity

The inviscid flow calculations performed in Sec. [V.B show that
reduced adverse pressure gradients are present in the cavity, for all
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Fig. 13 Profiles of absolute vorticity along the cavity centerline. Case 2

of Table 1.
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Fig. 14 Profiles of reduced pressure along the cavity centerline. Case 2
of Table 1.

cavity shapes, from cav,, to cavs,. It was decided to carry out the
RANS simulations for the cavs, geometry, as it exhibits a weaker
adverse pressure gradient and thus it most likely allows for the
existence of a steady vortical solution without secondary separations.

1. Computational Domain and Grid

The considered computational domain is shown in Fig. 15, where
the cavs, geometry has been scaled to have aradius R = 1. Itis worth
noting that the current cavity shape is characterized by a rounded
downstream edge, therefore, it is difficult to exactly define a measure
of the cavity opening L. However, wherever the exact location of the
downstream stagnation point will be, this cavity has the ratio
L/R ~ 1, different from the circular cavity considered earlier, for
which such ratio is about 1.73. The 2-D grid used for the
computations is made up of approximately 27,000 quadrilateral cells
and is shown in Fig. 16. Particular care was devoted to attain both a
y* on the order of one in the first layer of cells close to solid walls and
to ensure a proper resolution near the cusp, in the boundary layers and
in the shear layer. Such mesh was demonstrated to be dense enough

y/R
N
T

x/R

Fig. 15 Cav50 geometry: sketch of the computational domain,
incoming boundary-layer thickness §, and cavity radius.
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Fig. 17 Velocity magnitude contours and streamline inside the
cav5(0cavity. Case 1 of Table 1.

to provide grid-independent results by performing an additional
simulation on a mesh of approximately 104,000 quadrilateral cells.
The pressure coefficient along the cavity wall obtained on the latter
mesh is superimposed on the pressure coefficient obtained with the
27,000 quadrilateral cells.

2. Flow Conditions

To have meaningful comparisons with the computations shown
previously for the circular cavity case, the present analysis has been
carried out for the same flow conditions summarized in Table 1.
However, as already highlighted in the previous section, full flow
similarity with the previous analysis cannot be achieved due to the
absence of geometrical similitude. Different from what has been
done in Sec. V.B, in this case, a zero normal gradient boundary
condition has also been used on the top side of the computational
domain shown in Fig. 15.

3. Results

Figure 17 shows the velocity contour and the streamline pattern of
the flow inside the cavs, cavity for case 1 of Table 1. As can be

observed, quite different flow behavior from the previously analyzed
circular cavity case can be observed, especially around the
downstream stagnation point. As a matter of fact, in this case, the
downstream stagnation point location is not constrained by the cavity
geometry and it is in a rather advanced position with respect to the
vortex center. Because of this, and the asymmetrical cavity shape, the
internal streamlines tend to curve quite a lot in the vicinity of the
stagnation point. On the other hand, in the inner part of the cavity, the
streamlines are almost circular in shape.

In Fig. 18, the velocity profiles along the cavity centerline
(x/L = 0) are plotted for both the flow conditions analyzed. As it can
be observed, the two solutions appear to be quite similar. In
particular, in both cases, the wall jet effect seems to be absent and the
velocity profiles appear to be almost linear for the most part of the
cavity. Finally, in Fig. 19, the pressure coefficient c is plotted versus
the curvilinear abscissa computed along the solid wall, starting from
the flat plate origin [i.e., from the point (—2,0)]. The pressure
coefficient definition used herein is

y/R

Re, = 5360
Re, = 13,400
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0 01 02 03 04 05 06 07 08 09 1
q

Fig. 18 Velocity profiles along the cavity centerline; ¢(y) = u(0,y)/

u(—1.0, 0.5). Case 1 (dashed line) and case 2 (solid line) of Table 1. Points

B and C are relative to Fig. 17.
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............ Re, = 5360
Re; = 14,300

Fig. 19 Pressure coefficient along the solid wall. Case 1 (dashed line)
and case 2 (solid line) of Table 1. Points A, B, C, and D are relative to
Fig. 16.
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P

where p is the wall static pressure and p, is the reference pressure,
herein represented by the pressure value at the point (—2, 0) of the
computational domain shown in Fig. 15. In Eq. (37), p,.; and V,; are
the density and velocity magnitude outside the incoming boundary
layer. The viscous pressure distribution along the solid wall is similar
to what has been observed from the flow calculations based on
inviscid methods, that is, the flow accelerates up to the cusp point,
whereas the inviscid velocity along the cavity periphery is almost
constant except in proximity of both the cusp point and the stagnation

point. The stagnation point in both cases occurs at x/I 2 0.75. It is
worth noting that, in this flow, the stagnation point is located
downstream of both the incoming wall boundary layer and the next
shear layer where viscous losses occur. This explains why the
pressure coefficient at the stagnation point is not equal to one.
Furthermore, by moving from the stagnation point toward the left,
the flow accelerates within a very small distance and, next, it
gradually decelerates to match the constant velocity region inside the
cavity. Similarly, by moving from the stagnation point toward the
right, the flow rapidly accelerates and next follows a smoother
deceleration.

VI. Approximating Reynolds-Averaged Navier—Stokes
Solution with Batchelor-Model Flow

We now go back to the inviscid model (the Prandtl-Batchelor
model) where we adjust the jump in the Bernoulli constant to fit the
flow speed inside the cavity. In particular, we consider the vertical
velocity profile passing through the cusp that we obtain from the
RANS simulation at Reg = 5360. The jump in the Bernoulli constant
B is adjusted by a trial-and-error method until the slope of the
velocity inside the cavity obtained by the Prandtl-Batchelor model is
as close as possible to the one obtained by the RANS model. The
velocity contour plot corresponding to this case is shown in Fig. 20,
and Fig. 21 shows the vertical velocity profile across the cusp for the
RANS solution and the Prandtl-Batchelor model.

The velocity profile can be divided into two regions: the region
from the top boundary to the mixing layer where a potential flow
takes place, and the inviscid rotational flow inside the cavity. It can be
observed that the agreement between the RANS solution and the
Prandtl-Batchelor model is remarkable. Also, the jump in the
Bernoulli constant, which we can estimate from the velocity profile
across the cusp, is /' =0.511 and it agrees well with the value
B =0.518 that we impose through the discretized equations. This
difference is a measure of the discretization error. Outside the cavity,
in correspondence with the mixing layer, there is a flow acceleration
that is predicted by both models. However, for y ~ 0, the Prandtl—

IsoValue
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0.0421037
0.0696146
0.0971255
0.124636
0.152147
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0.344724
0.372234
0.399745
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M0.454767
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M0.619833
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Fig. 20 Velocity contour lines. The jump in the Bernoulli constant across the mixing layer was fitted to match the velocity profile obtained from the

RANS simulation at Re; = 5360.
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Fig. 22 Comparison between the velocity profile obtained by the Prandtl-Batchelor model (dashed line) and the RANS at Re; = 5360 (solid line);

x =0.6.

Batchelor model predicts a larger velocity as compared with the
RANS solution.

Of course, it is to be expected that because the mixing layer is
reduced to a discontinuity curve in the Prandtl-Batchelor model,
whereas it has a small but finite thickness in the RANS simulation,
the two flowfields will be locally different. Also, in the RANS case,
thanks to the development of a flat plate boundary layer on the lower
wall between x =—2 and x =0, there exists a displacement
thickness that determines a slight overall acceleration of the flow, so
that, for y > 0.4, the velocity predicted by the RANS model is
slightly higher than the velocity at infinity. On the other hand, the
velocity predicted by the Prandtl-Batchelor model for y > 0.4 is
slightly less than one. This is due to the fact that the boundary
condition imposed at the upper boundary is such that the line y = 6 is
a streamline. The effect of this confinement is an overall reduction of
the velocity as the bottom streamlines are diverging up to the rear
stagnation point, as seen in Fig. 20. These differences in the velocity
distribution will have an influence on the predicted pressure outside
the cavity, as will be discussed next. Comparing the velocity profiles
at different x locations, Figs. 22 and 23, we see that the difference at
the edge of the mixing layer becomes larger, whereas, inside the
cavity, the comparison is still good.

For the Prandtl-Batchelor model, the value of the pressure inside
the cavity is computed by taking

B(y) =3 —BH(=¥)(1 — ) (38)
and
p=B{) =3’ +v?) (39)

In Figs. 24 and 25, we compare the pressure coefficient profiles
across a vertical line through the point x = 0. The pressure taken as
reference is the pressure at the upper boundary of the Prandtl-
Batchelor simulation (x = 0, y = 6) for Fig. 24, whereas, for Fig. 25,
the reference pressure is that at the center of the cavity (x =0,
y=-—1).

Inside the cavity, the pressure coefficient profiles are almost
perfectly superimposed (see Fig. 25). As expected, across the mixing
layer, the variation of the pressure coefficient differs in the two cases
because the local velocity fields are different. In particular, the
velocity profiles show that the actual Bernoulli constant jump across
the mixing layer differs in the two cases. In the Prandtl-Batchelor
case, itis larger because the velocity above the mixing layer is larger,
although the slopes of the velocity profiles are the same (see Fig. 21).
The difference in the Bernoulli constant jump is equal to the
difference in the pressure coefficient observed in Fig. 24 for y = 0.
For y > 1, the predictions settle on two different values of the
pressure coefficient. This is due to the fact that the velocity for



DONELLI ET AL.

y
2+
1+
1 1 1 1 U
-0.2 e 02 0 0% U_ref
-2t

x=0.8.

Fig. 23 Comparison between the velocity profile obtained by the Prandtl-Batchelor model (dashed line) and the RANS at Re; = 5360 (solid line);
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Fig. 25 Comparison between the pressure coefficient inside the cavity obtained by the Prandtl-Batchelor model (dashed line) and the RANS at
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Fig. 26 Comparison between the pressure coefficient obtained by the Prandtl-Batchelor model (dashed line) and the RANS (solid line) along the cavity

wall.

y > 0.4 tends to a value that is slightly less than one for the Prandtl—
Batchelor model and slightly more than one for the RANS model, as
mentioned earlier. Inside the cavity for y = 0, both models predict a
spike in the pressure due to the presence of the cusp at x =y = 0. In
that region, however, formula (38) fails, as argued next.

The pressure coefficient along the cavity wall is presented in
Fig.26. The cuspis located at s = 2, and the rear stagnation pointis at
about s = 7.7, as predicted by both models. Within these two points,
the flow rotates inside the cavity from larger values of s to smaller
values. We observe that the RANS and the Prandtl-Batchelor
predictions almost coincide except close to the cusp and close to the
rear stagnation point. In these regions, for the Prandtl-Batchelor
model, we have ¥ &~ 0 because the separatrix is defined by ¥ = 0.
Therefore, the regularization error introduced in the discretization of
the Dirac function causes the discrepancy between the results of the
two models. In other words, next to the separatrix or close to the rear
stagnation point, there is no sharp jump in the Bernoulli constant but
rather a region where the Bernoulli constant varies as a function of ¥,
and therefore formula (38) is not accurate anymore.

Finally, we note that the cavity that we designed by a simple
potential flow shows flow characteristics that are compatible in a first
approximation, with a steady (probably unstable) trapped vortex. In
other words, the choice of cavs, geometry is such that the RANS
solution shows a large zone of almost constant flow speed
corresponding to a weak adverse pressure gradient without
secondary separations.

VII. Conclusions

An overall appreciation of the preceding results leads us to the
conclusion that a Prandtl-Batchelor model can represent a useful
simplified model to study and design vortex trapping cavities. For the
cases presented, the Prandtl-Batchelor model solution is obtained in
about a minute, whereas the RANS solution takes a couple of hours
on comparable computers. Therefore, the model that we described
can be used as a fast and accurate surrogate of RANS simulations in
an optimization loop to the end of designing a vortex trapping cavity.
The main ingredient to get an appropriate representation of the flow is
the determination of the correct jump in the Bernoulli constant. In
this paper, the jump was fitted to data obtained from a RANS
simulation. The RANS model was in turn validated by comparing it
to experimental results. In general, the jump in the Bernoulli constant
can be computed by imposing the compatibility of the cyclic layer
with the inviscid solution, as done for a laminar case in [11,19].
Therefore, the main result of this work is to show that the Prandtl—
Batchelor model with an appropriate jump of the Bernoulli constant
gives an accurate approximation of both flow velocity and pressure

inside a vortex cavity. These results are a necessary prerequisite that
now makes meaningful the coupling of the Prandtl-Batchelor model
to an appropriate cyclic boundary-layer code to simulate the flow
inside vortex cells. This model will provide an efficient tool for the
optimization of vortex cavities, as compared to a RANS simulation.
We plan to apply the model detailed in this paper to design vortex
cavities that will actually be tested on bumps and airfoils. In this
sense, ongoing wind-tunnel experiments on vortex cavities at
Southampton University and Centro Italiano Ricerche Aerospaziali
will provide additional data to calibrate the model we used for design.
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